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à³/Á\5^@*D`zX�á+*�25/"4�X�g"^a(+*�^@X�,[`Yu>g5^h/�â9XY*�^h2�X�g5^a(+*�,[^125/9X�^@*�`Y2"u>g9XÆi�-�/äã�år^a*�49æ�/"4+^1çaè_,)`Yu;g5^a/

7�F>E+é�êrORë+OPAHFa8;:ÙF;OR79<@AHì[=;LÝí�25`zX>æ+/5\5^h/ î'\ x g x \5^a*�`Y(34+^h/"-+/5/9X�^p,[/�s�í�25`zX>-+/5\ïè_,)*�\ï&.-�/"4+^Æð9(�*
\5^a*�^h,)43^a/eX�&),[u>g5^h/òñó^au>g"`Y^a&)è_,k*Ym�25/54Ùq5*>æ�qd-�*�,)^a*YXhîTè�(+43^h4+^h/�\"^@*�(32�XYs�í�25`zX>-+/5\Á^a*�`zX�&[-+/543^
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\5,[^a`Y^h/ò-+`z÷�iöq"X�(�X�,[`Yu>g"^a/Áíd25`zX>æ+/5\"^a/ò25iùø>?�=@A�=@î'-+&[`Y(õ/5,[u>g9Xöè�^hu>g5`Y^h&kè_,)*Ym9^a/5\"^Æú�,)/5s|(e\"^@*
ûõ^hg�*YX�^a,[&[u>g5^h/�s�íd2"`zX>æ�/"\5^�gd-�/"\5^a&)Xhî¶fNü�*Æ\5,[^�i�-�/ä^h,)/5^h/ä%"(�u�m�*>-+25iým9(3/5`zXY*�25,[^@*�^a/Ám3-�/"/ x
þ|^a*ôú�,)/"fH-+u>g"g5^a,)Xôg"-+&)år^@*�è�(3&[&)^h/Uè_,k*ög5,[^@*ö/e2�*ö^a,[/ó^a,[/5ça^h&)/"^a`�/5^h2�XY*>-+&)^h`ôÿ�&[^a,[/�s�t
(+*�\5(3/�s
â9m3-+&[-�*�fH^a&[\jå ^@XY*>-+u>g9X�^h/ î�\5,[^¶ã�år^@*�&[^a4325/543^h/ôça25*§o_^h\52�m�X�,[(+/"`YfN(+*�iZ^a&�&.-�`Y`Y^h/ö`Y,)u;g�-�år^@*'(3g5/5^
è�^h,kX�^a*�^a`_-+25f±m3(3i�q"&[,)çh,)^a*YX�^@*�^öâe,kX�2d-nX�,[(3/5^a/]ð9^@*>-+&[&)43^hi�^h,)/"^@*�/ x
þ|,)^��±-+4+*>-+/543^a\5,[u>g9X�^j\"^a`�ø�?�=@AB=;L��ôì)=@AHL����_ë�?	�9ë�L
�P6�=aì���F
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∂µφ∂

µφ−m2φ2 . � w��
ûõ,)X§\5^h/�ú�25&)^a*Ys��±-+4+*>-+/543^@s�t
&[^a,[u>ge25/"4+^h/ôfH(3&)4+X§\"-�*>-+25`§\5,)^§ø�?>=;AB=��ôì)=@AHL����_ë�?	�9ë�L
���½ì)=@A�8@:���L��

(� +m2)φ = 0 . � { �
þ�-+`½m3-�/"(+/",)`Yu;g]m9(3/���2"4+,[^@*YX�^�%d^a&[\]^a*�43,kå5X_`Y,[u>g�ça2��

π(x) =
∂
�

KG

∂φ̇(x)
= φ̇(x) . � ~ �

þ�-�^a`�`Y,[u>gõ2"i��½(3`Y(3/5^a/õg"-+/5\5^h&kX � â9q",[/¤} � fN(+*�\5^a*�/1è_,)*
ça2�* c 2d-�/eX�,)`Y,[^@*�25/"4D\"^a`�%d^a&[\5^a`\5,[^��3ì)=@A�8@:+VJ=;APOPA��9=@L ��ë�éöé!��OR7+OPABë�L"F�?>=@ì)7+OPABë�Lr=;L¢fNü�*_\",)^�"
^a,[`Y^a/9år^a*�4+sB%"^a&[\5(+qr^a*>-nX�(+*�^h/��
[φ̂(t,x), π̂(t,y)] = iδ(x − y) ,

[φ̂(t,x), φ̂(t,y)] = 0 = [π̂(t,x), π̂(t,y)] . �$# �
%
i \5,[^Zú *�ça^h254325/543`zs�25/5\¢W�^@*�/5,[u>geX�25/543`Y(+qr^@*>-�X�(+*�^a/Ù\"^@*'&½g5^h(�*�,[^Zçh2Ù^@*�gd-�&)X�^a/ÀîÀ^h/9X³è_,ks
u>m3^h&)/]è_,k*

φ̂
/"-+u;g]^h,)/"^@*(�»-+`Y,)`»ð9(+/1^aår^a/5^h/pñU^h&)&[^a/

up(x) = ) p e
−ip·x , ��* �
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\5,[^ö\5,[^öfN*�^a,[^öÿ�&[^a,[/�s�t
(+*�\5(3/�s�t
&[^a,[u>ge2"/54 � { � &)á3`Y^a/ x þj-�` ��(+*�^a/9X�ças�m9(hð3-�*�,[-+/9X�^('dG+7+ì)7�?Rê�?�ë �
����GJO�ç@è�^h,)^a*_ÿ�&[^a,[/�s�t
(+*�\5(3/�s�ñU^a&[&[^a/5fH25/�m�X�,[(+/"^a/1\"^�)"/5,[^@*YX_i�-+/�-+&)`

(φ1, φ2) := i

∫

d3xφ1

*
∂x0φ2 �,+ �

iZ,)X_\5^@*�`Yu>g5,[^afH`z÷�iZi�^aXY*�,)`Yu;g5^a/ y å"&[^a,)X�25/54
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*
∂xµφ2 = φ1

(

∂φ2

∂xµ

)

−
(

∂φ1

∂xµ

)

φ2 . �.- �
�½^a,r4+^h^a,[43/5^@X�^a*¶ñó-+g5&r\5^@*0/
(+*�iZ,[^@*�25/543`zm9(3/5`zX>-+/9X�^a/ ) p

43^a&)X�^a/ÆfNü5*�\5,[^
up

\5,)^$1�*YX�g5(343(�s
/"-+&[,kX>æ�X�`z*�^h&[-�X�,[(+/"^a/

(up, uq) = δ(p − q) , (u∗
p
, u∗

q
) = −δ(p − q) . �,2 �

þ|,[^�ú�/9X³è_,[u�m�&[25/54�\5^a`_f.*�^h,)^h/]%"^h&)\"(�q ^@*>-�X�(+*�`»&.-+2�X�^@X_\"-+/5/��

φ̂(x) =

∫

d3p u
p
(x)â

p
+ u∗

p
(x)â†

p
. �,3 �

ûõ,)X�\5^hi ^aår^a/1\5^!)"/5,[^@*YX�^h/¢â9m+-+&.-n*Yq"*�(e\"2�m�X_^a*�4+^aår^a/�`Y,)u;g�\"-�*>-+25`�fNü�*
\5,[^�úT*�çh^a2543^a*�25/5\
W�^@*�/5,[u>geX�^@*_\5,[^��½^aça,[^ag�25/543^a/

â
p

= (u
p
, φ̂) , â†

p
= −(u∗

p
, φ̂) , � w } �

è_,[^pi�-+/�25/9X�^a*ZW ^a*Yè�^a/5\52"/54¤ð9(3/ �,2 � \"2�*�u>gÁ^a,[/5fP-�u;g5^a`4/|-+u>g5*�^au>g"/5^a/òår^h`zX>æ�X�,)4+X x'y 25`
\5,[^a`Y^h/Ýt
&)^h,)u;ge25/543^a/äm+-+/5/Ái�-+/ -�å"&)^h`Y^a/ î¶\"-+`Y`�\5,[^

â
p
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â†

p

çh^a,)X�25/"-�å"g"æ+/543,[4U`Y,[/5\ î
è�^h/5/

φ̂
\5,[^jf.*�^h,)^jÿ�&[^a,[/�s�t
(+*�\5(3/�s�t
&[^a,[u>ge25/"4D^@*�fHü5&[&kX x65 (+`zX�2"&),[^@*YX�i�-�/!�z^@X�çaX»\5,[^jú l�,[`zX�^a/"ç

^h,)/5^h`�W¶-�m�2525iZça25`zX>-+/5\"` |0〉 îr\5^a*|\",)^ �½^a\",)/54325/"4 â
p
|0〉 = 0

fNü�*j-+&)&[^
p
^@*�fHü5&)&)Xhîr`Y(p&[æ+`Y`zX

`Y,[u>g1^a,[/1f.*�^h,)^a*
n
s &±^a,[&)u;g5^a/5s�íd25`zX>-+/5\�iZ,)X_\5^a/1ú *�ça^h2543^@*�/]`Yu;g�*�^a,)år^h/1-+&[`

|p1, . . . , pn〉 = â†
p

1

· · · â†
p

n

|0〉 . � w3w��
ñ�,[^D-+/5fP-+/543`�^@*Yè½æ+g5/eXhî±`Y(3&)&¶^a`�`Y,[u>gUå ^a,�\5^a/ó,)/5s�25/5\ó(32�XYs�í�25`zX>æ+/5\5^h/ó25i fN*�^a,[^pí�2�s

`zX>æ+/5\5^�g"-+/5\"^a&[/ x þ�,)^�-+`z÷�i�q5X�(+X�,)`Yu;g5^a/ c 2d-�/eX�^a/5fH^a&[\5^@*¶år^a`Yu;g�*�^a,)år^h/Zè_,)*¶\525*�u>gD\5,[^_%d^a&[\�s(+qr^a*>-nX�(+*�^h/
φin � fHü�* x0 → −∞ � å"çaè x φout � fHü�* x0 → +∞ �>x â�^@X�ça^h/pè_,)*_/5(�u;g]ð9(+*>-�2"`aî\"-+`Y`
\5^a*�W¶-�m�2"25iZça25`zX>-+/5\õ`zX>-�å",)&±2"/5\õ^a,[/5\5^h2�X�,[4D,)`zXhîr-+&[`Y( |0; in〉 = |0; out〉 =: |0〉 43,[&kXhî`Y(�&[æ+`Y`zX�`Y,)u;g]^h,)/

n
s &�^h,)&[u>g5^h/�sB,[/�s�íd2"`zX>-�iZ\�,[/1\5^a/1ú *�ça^h2543^@*�/1-+25`Y\�*�ü"u�m9^a/��

|p1, . . . , pn; in〉 = â
†
p

1
,in · · · â

†
p

n
,in|0〉 . � w { �

y /"-+&[(34+^h`»43,)&)X_fNü5*_\5^h/
m
s &�^h,)&[u>g5^h/�sB(32�XYs�í�25`zX>-+/5\��

|q1, . . . , qm; out〉 = â
†
q
1
,out · · · â†q

m
,out|0〉 . � w ~ �

à³/p\5^a*
â9XY*�^h2�X�g5^h(�*�,[^|,[/9X�^@*�^h`Y`Y,)^a*YX»25/"`»\5,)^|ñó-+g�*�`Yu;g5^a,[/5&[,)u;g�m9^a,)X_^a,[/5^a`»ã�å ^@*�49-+/543`�çaè_,ks
`Yu;g5^a/1,[/�s 2"/5\1(+25XYs�íd25`zX>-+/5\ x ñÝ,)*»å5*>-+25u>g5^h/�-�&[`Y(Z\",)^jã�år^@*�49-+/543`�-+iöqd&),)X�25\5^

Sfi = 〈q1, . . . , qm; out|p1, . . . , pn; in〉 , � w # �
\5,[^Z-�2"u>g

S
sBû¤-�XY*�,kl�sBú�&)^hiZ^a/9X�43^h/"-+/5/9X|è_,)*�\ î \d-Æ`Y,)^�`Y,)u;gÙ-+&)`|ú *Yè½-�*YX�25/543`zè�^a*YX�^h,)/"^a`

Ŝ
s

1�qr^@*>-�X�(+*�`»`Yu>g�*�^h,kå ^a/1&[æ+`Y`zXhî"\"^@*_\5,[^j,)/5s 25/"\](32�XYs�í�25`zX>æ+/5\5^j,[/5^h,)/"-+/5\"^@*_XY*>-�/"`YfN(+*�iZ,)^a*YX
�
φout(x) = Ŝ−1φin(x)Ŝ . � w * �

þ|,[^ %
/",kX>-�*�,)X>ænX \"^@*
S
sBû¤-�XY*�,klrî+è�^a&[u>g5^ �Y-|^h,)/"^71_å"`Y^a*Yð+-�å"&[^½\"-�*�`zX�^a&[&)Xhî343^@è½æ+g�*�&[^a,[`zX�^@X�iZ-+/

\525*�u>gõ\5,)^�%"(+*�\5^a*�25/54D/d-�u;gò7�F>E+é�êrORë+OPAHFa8;:�=@?98"ë+ìNì�F;ORQ�L ��A��+G�=@AHOPîrè�(+/d-�u;g�\5,[^�,)/5s¶25/5\�(32�XYs
"
,[&kå ^@*YXY*>æ+25iZ^ô25/9X�^@*�^h,)/d-�/"\5^@*�25/5\¢-+25u>g¤4+&[^a,[u>g¤\5^hi "
,)&)år^@*YXY*>-+25iù\5^a*
è�^au;g5`Y^a&)è_,k*Ym9^h/�s
\5^h/ &½g5^h(+*�,)^j`Y^h,)/�`Y(3&[&)^h/ x %§ü5*�^h,)/"^�è�^a,)X�^@*�^jþ|,[`zm�25`Y`Y,)(3/õ\5^@*

S
sBû¤-�XY*�,)lp`Y^h,�-+25f'\5,[^���,)X�^@s

*>-�X�2�*»ð9^@*Yè_,[^a`Y^h/ x
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S
sBû¤-�XY*�,kl�sBú�&[^aiZ^a/9X»è_,k*Ym�&[,)u;gpça2pår^@*�^hu>g5/"^a/Æå5*>-+25u;g5^a/pè_,k*_ÿ�^h/5/9X�/5,[`Y`Y^�ü�å ^@*

\5^h/óè�^au;g5`Y^a&)è_,)*Ym3^h/5\5^h/ï%d^a&[\5(+qr^@*>-�X�(+*
φ
î§è�^a&[u>g"^@*�-�2"u>gò-+&[`ÆAHLdOR=;?Rê"ë+ì©A�=@?�=@L �9=@FZ6�=aì��Uår^@s

çh^a,[u>g5/5^aX1è_,)*�\ x�y 25u>g�fHü�*õ\5,)^h`Y^a/ q (+`zX�2"&),[^@*YXõiZ-+/�\",)^�t
ü5&kX�,[4+m9^a,)X�\5^a*õ4+&[^a,[u>g"ça^a,)X�,[4+^h/
ÿ
(+iZiô2�X>-�X�,[(+/"`z*�^a&.-nX�,[(3/5^a/ �

[φ(t,x), φ̇(t,y)] = iδ(x − y) ,

[φ(t,x), φ(t,y)] = 0 = [φ̇(t,x), φ̇(t,y)] . � w + �
ñU^h43^a/�\5^a*
-+`z÷�i�q5X�(+X�,)`Yu;g5^a/�W�(+&[&[`zX>æ�/"\5,)4+m9^a,)X�m9á+/"/5^a/�è_,k*|-+25u;g

φ
/"-+u>g�\"^@* �»-+`Y,[`�^@å ^@s

/5^a*�ñU^a&[&)^h/
up

^a/eX³è_,)u>m3^h&)/Ù25/5\Ùår^@m9(3iZi�^h/¢ú *�ça^a2"4+^a*j25/"\¤W�^@*�/5,[u>geX�^@*hî \",)^�-�år^@* �z^@X�çaX
çh^a,)X>-nådg"æ+/543,)4Z`Y,[/5\125/"\pm9^h,)/5^j^a,[/5fP-�u;g5^�&±^a,[&[u>g5^h/5,)/eX�^@*Yq5*�^aX>-nX�,[(3/]iZ^ag�*�ça2"&[-+`Y`Y^a/ x
à³i %d(3&)43^a/"\5^a/Ù,[/9X�^a*�^a`Y`Y,[^@*�^a/Ùè_,k*�25/5`jfHü�*j\"-+`�-+`z÷�i�q5X�(+X�,)`Yu;g5^�W�^@*�g"-+&)X�^a/¢ð9(+/

φ
x à³`zX

\5,[^�ñó^au>g"`Y^a&)è_,k*Ym�25/54�çh^a,)X�&),[u>gZ-+25fd^h,)/Zà³/9X�^@*Yð3-�&[&5\5^@*��§æ�/"4+^
T
år^h`Yu>g�*>æ+/�m�Xhî3`Y(�^@*�g"æ+&)X iZ-+/

/"-�X�ü�*�&[,[u>g
lim

x0→∓∞
φ(x) = φin/out(x) . � w - �

þ�-|`Y,)u;g�\5,[^�âe^h&kå"`zX³è�^hu>g5`Y^h&kè_,)*Ym�25/54�q5*�,)/"ça,)q",)^h&)&5/5,[u>g9X�-+25`Y`Yu;g"-+&kX�^h/�&.æ�`Y`zXhî+m+-+/5/�i�-+/�\5,[^a`Y^
%d(�*�\"^@*�25/54�/",)u;g9X�^a*�fNü"&)&[^a/ x à³/U^a,[/5^hi ^@*�`zX�^h/ïâeu;g�*�,kXYXôfH(�*�\"^@*�/Ùè_,k*ô`zX>-�XYX�\5^@*Zt
&[^a,[u>g5g5^h,kX
/e25*_/5(�u;g 5 *�(+qr(+*YX�,[(+/d-�&[,)X>ænX
�

lim
x0→∓∞

φ(x) =
√
Zφin/out(x) � w 2 �

iZ,)Xô^h,)/"^@*ô/5(�u;gó/"æ+g5^@*öça2Uå ^a`zX�,[i�iZ^h/5\5^a/ïo_^h/5(+*�i�,[^@*�2"/543`zm3(3/5`zX>-+/9X�^
Z
x þ�-]è_,)*�-+25u>g

fHü�*½\"-+`½è�^au>g"`Y^a&)è_,k*Ym9^a/"\5^|%"^h&)\p\",)^|43&[^a,[u>g5çh^a,)X�,)43^h/Æÿ�(3iZiô2�X>-�X�,)(3/5`z*�^h&[-�X�,[(3/5^a/]fN(+*�\5^a*YX�^a/ î
43,[&kX�-�år^a*
�

iδ(x − y) = lim
x0→+∞

[φ(x0,x), φ̇(x0,y)]

= Z [φout(x
0,x), φ̇out(x

0,y)] = Ziδ(x − y) , � w 3 �
è�(+*>-+25`¶\5,)*�^@m�X

Z = 1
fH(+&[4+X¶25/5\�è_,)*�è½æ�*�^a/Dè_,)^h\5^@*�år^h, � w - � î9è½-+` è_,)* �Y-j43^@*>-+\5^_ð9^@*�iZ^h,ks\5^h/pè�(3&)&)X�^a/ x

ú ,[/5^h/ y 25`zè�^a4]-+25`
\5,[^a`Y^@*�ûõ,[`Y^@*�^ôå",)&[\5^aX|\5,)^ÆFa8;:��¶798@:�=���ê"=@?�7+ORë�?;G+ë�L5M+=@?��9=@L�V x þj-�çh2
år^aXY*>-+u>g9X�^h/�è_,k*½^a,[/5^
%d(+&[43^�ð9(3/ 1_qr^a*>-�X�(�*�^h/

(Oi)i
x %'ü�*½\5,[^ôF;OR7�?;G�=�ÿ�(3/9ð9^@*�43^h/5ç�ð9(+/

Oi43^a43^h/
O
fH(�*�\"^@*YX»i�-+/

lim
i→∞

‖(Oi −O)|ψ〉‖ = 0 ∀|ψ〉 ∈ H . � {�} �
þ|,[^�Fa8@:��¶798;:�=�ÿ�(3/9ð9^@*�43^h/5çj,[`zX_\"-+43^a43^a/1\5^�)"/",)^a*YX�-+&[`

lim
i→∞

〈ψ|Oi|χ〉 = 〈ψ|O|ψ〉 ∀|ψ〉, |χ〉 ∈ H , � { w��
g5,[^@*Yå ^a,ôiôü5`Y`Y^h/ -+&)`Y(Ý/e2�*¢\",)^ïû¢-nXY*�,)l�^a&[^aiZ^a/eX�^óm9(+/eð3^a*�43,)^a*�^a/ x 5 g9÷�`Y,)m+-+&),[`Yu>g 43^a`Y^hg5^a/
*�^h,)u;g9X|\",)^h`
ð9(+&[&)m3(3iZiZ^a/¢-+25`aî \"-��Y-D\",)^öû¤-�XY*�,)l�^a&[^aiZ^a/9X�^��]25/"\õ/",)u;g9X�\5,[^ 1_qr^a*>-�X�(�*�^h/
`Y^h&kå"`zX	��\5^a/�(+å"`Y^a*Yð+-�å"&[^a/Dt�*�á�
9^a/�^a/eX�`zq5*�^au;g5^a/ x þ|^a/Díd2"`�-�iZiZ^a/"g"-+/54jç@è_,[`Yu>g5^h/�`zX>-�*Ym9^@*
25/"\¢`Yu>g9è½-+u>g"^@*jÿ
(3/9ð9^@*�43^a/5çZ^a*Ym3^h/5/9X�i�-+/ î è�^a/5/¢i�-+/¢\",)^ /
(+*�i ,[/ � {+} � -+25`Y`Yu>g5*�^a,)å5X25/"\]^h,)/"^a/pð9(3&)&[`zX>æ+/5\5,[43^a/¤â�-�X�ç �»-+`Y,)`Yçh25`zX>æ+/5\5^ |χj〉

^a,[/5`Yu>g",)^aå5X
�
‖(Oi −O)|ψ〉‖2 = 〈ψ|(Oi −O)†(Oi −O)|ψ〉

=
∑

j

〈ψ|(Oi −O)†|χj〉〈χj |(Oi −O)|ψ〉

=
∑

j

|〈ψ|(Oi −O)|χj〉|2 . � {3{ �
â9X>-�*Ym9^ôÿ�(3/9ð9^@*�43^h/5çôår^a\"^a2�X�^aX
/e25/Àîr\"-+`Y`
\",)^�âe25iZiZ^ö4+^h43^a/ /
25&[&§4+^hg9X x þ�-D\5,)^ö^a,[/5ça^h&ks
/5^h/�â�25iZiZ-+/5\"^a/Z/5,[u>g9X /5^h49-nX�,)ðô`Y,[/5\ î3iôü5`Y`Y^a/Z\"-+/5/�`Yu;g5(3/�\5,[^�âe2"i�i�-+/5\5^h/�43^a43^a/ /
25&[&
43^ag"^a/ î"\ x g x -+25`»`zX>-�*Ym9^@*_ÿ
(+/eð3^a*�43^a/5çjfN(3&[4�X_`Yu>g9è½-+u;g5^jÿ
(3/9ð9^@*�43^a/5ç x þj-ôè_,)*_^a`»g",)^a*»iZ,kX
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^h,)/5^a*½25/5^h/5\5&[,)u;g5^a/]o_^h,)g5^�ça2ÆX�25/pg"-�år^a/ î543,)&)X½\5,[^ %
i�m9^ag�*�25/"4ö/e25*hî�è�^a/5/p43&[^a,[u>g5i�æ 
9,)43^
ÿ
(+/eð3^a*�43^a/5çÆð9(+*�&),[^a4+Xhî§è½-+`ö,[i -�&[&[4+^hiZ^a,[/5^a/ò/5,[u>g9XZ\5^a*�%d-+&)&½`Y^a,[/óè_,)*�\ x %'ü�*�^h/5\5&[,)u;g5\5,)s
iZ^a/"`Y,)(3/"-+&[^�"
,)&)år^@*YXY*>æ+25iZ^j`Y,)/5\]år^h,)\"^@* y *YX�^a/1\5^@*_ÿ
(+/eð3^a*�43^a/5ç�æ��e25,)ð+-+&)^h/9X x
ñ�,)*¶,)/9X�^a*Yq5*�^@X�,[^@*�^h/D-+&[`Y(�\5,[^_2�*�`zq5*�ü"/543&),[u>g5^ �½^h\5,)/"4+2"/54 � w 2 � ,)i#o
-�g"i�^h/�\"^@*¶`Yu;g9è½-�s

u;g5^a/1ÿ�(3/9ð9^a*�4+^h/5çj25/5\1^a*�g"-+&kX�^h/]\5,[^��|F>E�é
êrORë+OR=;Lr<>=���ANL�� ��L��
ø���? �9=;L�6�=aì��9ë>ê"=@?�7+ORë�?��
lim

x0→∓∞
〈ψ|φ(x)|χ〉 =

√
Z〈ψ|φin/out(x)|χ〉 . � {3~ �

þ|25*�u>gj\5,[^a`Y^h/ b &�*�,)u>m9vTè_,)*�\j\"-+` 5 *�(+å"&[^ai�,)/�t
&[^a,[u>ge25/"4 � w 3 � ^h/9X�`Yu>gdæn*�fNXhîh\d-»fNü5*�`Yu;g9è½-+u>g5^ÿ
(+/eð3^a*�43^a/5çô-+25`
Ai → A

2"/5\
Bi → B

L"AB8;:eO»\5,[^jÿ
(+/eð3^a*�43^a/5ç�\5^a` 5 *�(�\52�m�X�`
AiBi →

AB
fN(3&[4�Xhî»\"-�i�-+/ fNü�*�\5,)^ 5 *�(�\525meXYåd,)&[\525/54�\",)^U-�å"`Y(3&[2�X�^Ùÿ
(+/eð3^a*�43^a/5çÙ\"^@*1o_^h,)g"^a/

å5*>-+25u;g9X x
�'Ì	�óÔ�Ð�
¤Ð�Ö¶Ñ
�§Î9Ô�Ó±Õ¶Ø���Ó±ÏeÛ�Ð��

ñ�,)*
g"-�år^h/�/e25/¤-+&[&)^ôûõ,)XYX�^a&±ça25`�-+iZiZ^a/õ2"i \5,[^��Tâ5ídsBo_^a\525meX�,[(3/5`YfH(�*�iZ^h&±fHü�*
\"-+`
S
s

û¤-�XY*�,)l�sBú &[^aiZ^h/9X_g5^@*�çh25&[^a,)X�^a/ x þ�,)^h`Y^+î5ð3(3/���^hg5i�-+/5/ îrâ9÷�i�-+/5ça,)mp25/5\¢íd,[iZi�^a*�i�-�/"/1,[i
09-+g�* w 3 * * fH(+*�iô25&),[^@*YX�^½t
&[^a,[u>ge2"/54
`zX�^a&[&kX§^a,[/5^a/Zíd25`�-+iZiZ^a/5gd-�/"4
ç@è_,[`Yu>g5^h/ S sBû¤-�XY*�,)l�25/5\\5^h/

n
s 5 25/�m�XYsB%"25/5meX�,[(3/5^a/ � (�\5^a*Zt�*�^a^h/�� `Yu>g5^h/ó%"25/�m�X�,[(3/5^a/ � g5^a* x þ|,[^a`Y^Æ`Y,)/5\ï\5^!)"/5,[^@*YX-+&[`»çh^a,)X�4+^h(+*�\5/5^@X�^a*½W¶-�m�2"25iZ^@*Yè½-�*YX�25/543`zè�^@*YX»ð9(3/ 5 *�(e\"2�m�X�^a/1-�2"`»%d^a&[\5(+qr^@*>-�X�(+*�^a/��

Gn(x1, . . . , xn) = 〈0|T
(

φ(x1) · · ·φ(xn)
)

|0〉 . � { # �ûõ,)Xô\5^a* y `z÷�i�q5X�(+X�^a/9år^h\5,[/54325/54 � {3~ � m9^a/5/"^a/Ùè_,)*ô`Yu;g5(3/ó^h,)/5^h/òí�25`�-+iZi�^h/5g"-+/54õçaè_,ks`Yu;g5^a/ï\"^a/ò-+`z÷�i�q5X�(+X�,)`Yu;g5^a/ï%d^a&[\5^@*�/Àî§\5,[^Æ,)i
S
sBû¢-nXY*�,)l�sBú�&)^hi�^h/9X�-+25fNXY*�^@X�^h/ î±2"/5\ï\5^hi

,[/9X�^@*Yq (+&[,[^@*�^a/"\5^a/�%d^a&[\ î3\"-+`T,[/Z\5^a/
n
s 5 25/5meXYsB%d25/�m�X�,[(+/"^a/öð9^@*Yè�^h/5\5^aXTè_,k*�\ x þ�-+` û¤-�XY*�,kl�s

ú�&[^aiZ^a/9X»è½-�*�\5^�)d/5,)^a*YX�-+&)`
Sfi = 〈q1, . . . , qm; out|p1, . . . , pn; in〉 . � { * �þ|,[^�fH(3&)43^a/"\5^�o_^hu>g5/e2"/54|m+-+/5/öi�-+/ö4+*�(+å�,[/�\�*�^a,dâeu;g�*�,)XYX�^¶X�^a,[&)^h/���à³i ^@*�`zX�^a/�â�u>g�*�,)XYX'è_,k*�\

-+25`p\5^hi ,[/�s�íd2"`zX>-�/"\�^h,)/�ú *�ça^h254325/543`Y(+qr^@*>-�X�(+*
â
†
p,in

g5^a*>-+25`Y43^aça(343^a/ x þ|,)^h`Y^a/�\5*�ü5u�m�X
i�-+/�,[i ç@è�^h,kX�^h/pâeu>g�*�,)XYX¶\"2�*�u>gD\",)^
-+`z÷�iöq"X�(�X�,[`Yu>g"^a/D%d^a&[\5(+qr^@*>-�X�(+*�^a/

φin

2"/5\
φout

-+25` x
à³iù\�*�,)XYX�^a/Ùâeu>g5*�,kXYX
ð9^@*Yè�^h/5\5^aX
i�-+/õ\5,[^ y `z÷�i�q5X�(+X�^a/9år^h\5,[/54325/54Æ25iùça25i è�^hu>g5`Y^h&kè_,)*Ys
m9^a/"\5^a/Z%"^h&)\"(�q ^@*>-�X�(+*

φ
ü�år^a*�ça2543^ag"^a/ x þ|,[^ 5 *�(+çh^a\525*Tè_,[^a\5^a*�g5(3&kX�i�-+/ZfHü�*¶-+&)&[^(&±^a,[&)u;g5^a/

\5^h`¶,[/�s�í�25`zX>-+/5\5`»25/5\Æ\"-+/"-+u>gpfNü�*½\5,[^
\5^a`�(32�XYs�í�25`zX>-+/5\5`aî�åd,)`�/�2�*½/5(�u>gÆ\5^a*¶W¶-�m�2525iZça2�s
`zX>-+/5\1ü�å5*�,[4+å"&[^a,)å5X_2"i�\d-n*>-+25`�\5,)^jo_^a\"2�m�X�,)(3/5`YfH(+*�i�^h&Àça21^@*�g"-+&)X�^a/ x
ñ�,)*_ça,[^ag5^h/1-+&)`Y(D-+&)`_^@*�`zX�^h`»^h,)/5^h/]ú *�ça^h2543^@*�-+25`_\5^ai ,)/�s�í�25`zX>-+/5\�g5^@*>-+25` �

Sfi = 〈q1, . . . , qm; out|â†
p

1
,in|p2, . . . , pn; in〉

= 〈q1, . . . , qm; out|â†
p

1
,out|p2, . . . , pn; in〉

+ 〈q1, . . . , qm; out|â†
p

1
,in − â

†
p

1
,out|p2, . . . , pn; in〉 , � { + �

è�(+år^h,e,[i ç@è�^a,)X�^a/�âeu>g5*�,kXYX'\",)^ �½^aça,[^ag�25/54
â
†
p,in = â

†
p,out+â

†
p,in−â

†
p,out

ð3^a*Yè�^a/5\"^@X§è_2�*Ys
\5^ x à³iù^a*�`zX�^a/ &±^@*�i è_,)*Ym�X

â
†
p

1
,out

-�&[`
W ^a*�/5,)u;g9X�^@*j-+25f \5^h/¤(+25XYs�íd25`zX>-+/5\ x ñÝ,k*|fH(+*�\5^@*�/
/e2"/ î5\"-+`Y`»-+&[&)^

pj

25/"\
qk

ð9^@*�`Yu;g5,[^a\5^h/p`Y,[/5\ x þ|,[^a`»`zX�^a&[&kX½q"g9÷�`Y,km3-+&),[`Yu>gpm9^h,)/5^�ú ,[/5`Yu;g�*>æ+/�s
m�25/54�\"-�*hîe\"-j\5,[^|t
&[^a,[u>g"g5^a,)X¶\5^ai XY*�,)ð�,[-+&[^a/�%�-�&[&d^a/eX�`zq5*�^au;g5^a/�è_ü�*�\5^3î9\"-+`Y`¶^a,[/ &±^a,[&)u;g5^a/
^h,)/5fP-+u>g�\52�*�u;g�\5,[^Tñó^au>g"`Y^a&)è_,k*Ym�25/543`Yçh(+/"^ g",)/5\"2�*�u>g5&.æ+25fNX§25/5\�49-�*±/5,[u>geX§-+/j\"^@*TâeXY*�^a2525/"4
X�^h,)&[/5,[i�i�X x û¤-+/õå"*>-�2"u>g9Xj\"-+/5/¢/e2�*j\"-+`

S
sBû¤-�XY*�,kl�sBú�&[^aiZ^a/9X�fHü�*�\5,[^öü5å5*�,)43^h/ &±^a,[&)u;g5^a/

-+25`z*�^hu>g5/5^h/ î9\",)^_\",)^_(+å",)43^(�½^a\5,[/54325/54�^@*�fHü5&[&)^h/ x âe(3i�,)X�ð9^@*�`Yu>geè_,)/5\"^@X¶\5^@*¶^@*�`zX�^ &�^a*�i ,)/
� { + � 2"/5\ö^a`§å"&[^a,)å5X'\5^a*Tç@è�^a,)X�^¶ça2ö2"/9X�^@*�`Y25u;g5^a/ x þ�-+ça2ôð9^a*Yè�^a/5\5^h/�è_,)*T\5,)^�þ�-�*�`zX�^a&[&[25/543^a/\5^a*_ú *�ça^a2"4+^a*�-+25`
t
&[^a,[u>g�25/54 � w } ��x û¢-�/1^a*�g"æ+&kX
�

â
†
p

1
,in − â

†
p

1
,out = −

{

(u∗
p

1
, φin) − (u∗

p
1
, φout)

}

= −i
∫

d3xup
1
(x)

*
∂x0

{

φin(x) − φout(x)
}

. � { - �
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þ|,[^a`Y^»t
&)^h,)u;ge25/54
43,)&)X±fHü�*'-+&)&[^
x0
îJ\d-»\",)^¶&),[/�m9^½âe^h,kX�^�25/d-nådg"æ+/543,)4�ð3(3/

x0
,[`zXhî�-�&[`Y(_m9á+/"/5^a/

è_,)*
x0

-+25f±\"^@*_*�^au>geX�^a/õâe^h,kX�^jf.*�^h,rè½æ+g5&[^a/ �

â
†
p

1
,in − â

†
p

1
,out = −i

∫

d3x

{[

lim
x0→−∞

up
1

*
∂x0φin

]

−
[

lim
x0→+∞

up
1

*
∂x0φout

]}

. � { 2 �
þ�-D\5^@*|43-+/5çh^ y 25`Y\5*�25u�m�,[/�^h,)/5^hi â9m+-+&.-n*Yq"*�(e\"2�m�X
`zX�^ageXhîdm3á3/5/"^a/�è_,)*|-+/õ\5,[^a`Y^a*�â9X�^a&[&[^
\5,[^ y `z÷�i�q5X�(+X�^a/eår^a\5,[/54325/54Zð9^@*Yè�^a/"\5^a/125i ça2"i ,[/9X�^@*Yqr(3&[,)^a*�^a/5\"^a/1%"^h&)\1ü�år^a*�ça2543^hg5^a/��

â
†
p

1
,in − â

†
p

1
,out = − i√

Z

∫

d3x

{[

lim
x0→−∞

up
1

*
∂x0φ

]

−
[

lim
x0→+∞

up
1

*
∂x0φ

]}

= +
i√
Z

(

lim
x0→+∞

− lim
x0→−∞

)
∫

d3xup
1

*
∂x0φ . � { 3 �

ûõ,)X("
,[&)fH^|ð9(3/
(

lim
x0→+∞

− lim
x0→−∞

)

F (x) =

∫ +∞

−∞

dx0 ∂x0F (x) � ~+} �
m3-�/"/]i�-�/1\5,[^a`_,[/]^h,)/]ð�,[^@*�\",)iZ^a/"`Y,)(3/"-+&[^a`_à³/9X�^h4+*>-�&À25iZfH(�*�iZ^h/]2"/5\1^@*�g"æ+&)X
�

â
†
p

1
,in − â

†
p

1
,out =

i√
Z

∫

d4x ∂x0

(

up
1

*
∂x0φ

)

=
i√
Z

∫

d4x
{

up
1
(∂2

x0φ) − (∂2
x0up

1
)φ

}

. � ~ w��
%'ü�*�\5,[^�^@å ^a/5^h/pñU^a&[&[^a/

up

4+,[&)X_\5,)^jf.*�^h,)^jÿ�&[^a,[/�s�t
(+*�\5(3/�s�t
&[^a,[u>ge25/"4

(� +m2)up = 0 . � ~3{ �
ûõ,)X

� = ∂µ∂
µ = ∂2

x0 − ∇
2 ,[`zX_\5,[^a`�æ��92",kð3-�&[^a/eX_ça2

∂2
x0up = (∇2 −m2)up . � ~3~ �

ñÝ,k*�`Y^@X�çh^a/]\",)^��½^aça,[^ag�25/54Z,[/ � ~ w � ^a,[/125/5\�,)/9X�^h4+*�,)^a*�^a/1\"-+/"-+u>g�ç@è�^a,[i�-+& q�-n*YX�,[^a&[&Àü�å ^@*\5,[^�o�-+25i�m9(e(+*�\5,[/"-�X�^a/ x þ|,[^�o�-+/5\�X�^a*�i�^_ð9^@*�`Yu;g9è_,[/5\5^a/Àî�\"-�i�-�/Æ`Y,)u;g � ~ w � -+&[`¶à³/9X�^a4+*>-+&ksm9^@*�/òð9(+*�`zX�^a&[&[^a/�iô25`Y`aî�\5^a/Ái�-�/ÁiZ,kXZñU^h&)&[^a/5qd-�m3^aX�^a/òX�^a`zX�^@Xhî -+&[`Y(¢m9^a,[/5^ �½^a,)XY*>æ+4+^],[i
%
/5^h/5\5&[,)u;g5^a/1&[,)^hfN^a*�/ x ú `_^@*�43,)å5X_`Y,[u>g��

â
†
p

1
,in − â

†
p

1
,out =

i√
Z

∫

d4x
{

up
1
∂2

x0φ− (∇2 −m2)up
1
φ
}

�������
=

i√
Z

∫

d4x
{

up
1
∂2

x0φ− up
1
(∇2 −m2)φ

}

=
i√
Z

∫

d4xup
1
(�x +m2)φ . � ~ # �

%'ü�*�\"-+`
S
sBû¤-�XY*�,kl�sBú�&)^hiZ^a/9X�-+25` � { + � g"-�år^a/]è_,)*_\"-+iZ,kX
�

Sfi =
i√
Z

∫

d4xup
1
(x) (�x +m2)〈q1, . . . , qm; out|φ(x)|p2, . . . , pn; in〉 , � ~ * �
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